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Abstract 

We study derivatives of Schur and tau functions from the view point of the 
Abel-Jacobi map. We apply the results to establish several properties of deriva- 
tives of the sigma function of an (n, s) curve. As byproducts we have an expression 
of the prime form in terms of derivatives of the sigma function and addition for- 
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1 Introduction 



The Riemann's theta function of an algebraic curve X of genus g can be considered, 
through the Abel-Jacobi map, as a multivalued multiplicative analytic function on X 9 . 
The Riemann's vanishing theorem tells that the theta function shifted by the Riemann's 
constant vanishes identically on X 9 ~ l . However it is possible to find certain derivatives 
of the theta function such that they become multivalued multiplicative analytic func- 
tions on X 9 ~ x . Onishi [13] found such derivatives explicitly in the case of hyperelliptic 
curves. The extension of the results to the curve y n = f(x) is given in [9J. These 
explicit derivatives of the theta function are used to construct certain addition formulae 
in [13] . The aim of this paper is to generalize and clarify the structure of the results on 
derivatives and addition formulae in [13] by studying Schur and tau functions. 

We consider a certain plane algebraic curve X, called an (n, s) curve [2], which 
contains curves y n = f(x) as a special case. As in [T3] we study sigma functions [U [TTJ 
rather than Riemann's theta function since it is simpler to describe derivatives. Sigma 
functions can be expressed by the tau function of the KP-hierarchy [U |5l [12]. The 
expansion of the tau function with respect to Schur functions is known very explicitly 
due to Sato's theory of universal Grassmann manifold (UGM) [T5J [H]. In the case 
corresponding to the sigma function of an (n, s) curve the expansion of the tau function 
begins from the Schur function s\(t) corresponding to the partition A determined from 
the gap sequence at oo of X. Notice that Schur functions themselves can be considered 
as a special case of tau functions. 

For a theta function solution of the KP-hierarchy the image of the Abel-Jacobi map 
of a point on a Riemann surface is transformed, in the tau function, to the vector of 
the form 

[z] = (z,z 2 /2,z 3 /3,-.), (1) 

where z being a local coordinate at a base point. Being motivated by this we consider, 
in general, the map z i— > [z] as an analogue of the Abel-Jacobi map for Schur and tau 
functions. For the Schur function corresponding to an (n, s) curve a similar map is 
considered in [2] as the rational limit of the Abel-Jacobi map. 

The Schur function s\(t), t = (ti , t 2 , ■■■), corresponding to a partition A = (A 1; A;) 
is the polynomial in t 1; t 2; ••- defined by 

oo oo 

s x (t) = det (p Ai _ i+i (t)) 1 < i)j < i , expi^tik 1 ) = ^p^k 1 . 

1=1 8=1 

We firstly study, for each k satisfying k < g, the condition under which a derivative 

d a s x ([z 1 }+ ■■■ + &}), (2) 

vanishes identically, where, for a = (cui, 02, •••), d a denote d^d^ 2 ■ ■ ■ and di = d/dti. A 
sufficient condition can easily be found. Let us define the weight of a by wt a = 
and set N\ tk = X k+1 + ■ • ■ + A;. Then the derivative (T5]) vanishes, if wt a < Nx,k- 
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Concerning to derivatives such that fl2]) does not vanish identically we have found 
two kinds of a satisfying wt a = N x ,k- One is a = (N\ t k, 0, 0, ...) for which the following 
recursive relation holds: 

^«a( £ [ Zi ] ) = ^d^s x ( £ N + 0(zt +1 ), (3) 

i=l C X,k-l i=1 

where c' Xk is a certain constant (Theorem H]). 

The other kind of derivatives exist only for A corresponding to a gap sequence. A 
gap sequence of genus g is a sequence of positive integers W\ < ■ ■ • < w g such that 
its complement in the set of non-negative integers Z> is a semi-group. To each gap 
sequence a partition A = (Ai, A g ) is associated by 

A = (w g , ...,w 2 ,wi) - (g - 1, 1,0). 

Let wl < W2 < ■ ■ ■ be the complement of {wi} in Z>o. For each k the number m k and 
the sequence , 1 < j < are defined by 

m k = ${i\w* < g-k}, 

(a[ k \...,a%l) = (w g - k ,W g -k-l,-,Wg-k-m k + l) <*J- 

Then 52j=i a j = N\k and the following relation is valid: 

k fc-1 

a « ■ • • s o w *a( E W ) = ±d a^ ■ ■ ■ fy-W E N + °(^ fe+1 )- ( 4 ) 

i 1 / 1 

These derivatives generalize those of [13J [9J. Our construction here clarifies the condition 
under which extensions of derivatives in [13] exist. 

The tau function corresponding to a point of the cell UGM X of UGM specified by a 
partition A has the expansion of the form 

r(t) = s A (t) + EW*)- ( 5 ) 

A</x 

We show that the vanishing property and the equations ([3]), (jlj) for Schur functions hold 
without any change if Schur functions are replaced by tau functions. To this end we 
need to study derivatives of Schur functions s^(t) corresponding to partitions \x satisfying 

(k) 

A < jj, simultaneously. For example we have to study properties of "e^- -derivatives" of 

s fi(t) where are determined from A. 

In the case corresponding to (n, s) curves all the properties of tau functions estab- 
lished in this way are transplanted to sigma functions without much difficulty using the 
relation of the sigma function with the tau function. 

For applications to addition formulae we need to study derivatives of Schur functions 
not only at [zi] + • • • + [zk] but at [zi] — [z?\. In this case we have 

df^ Sx ([ Zl ] - [z 2 ]) = i-iy-^d^s^zM- 1 + o(4), (6) 

C A,1 
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where N' x 1 = X 2 + ■ ■ ■ + A; — I + 1 and c\ is the constant given in Theorem [2j It can 
be proved using the rational analogue of the Riemann's vanishing theorem for Schur 
functions [2]. Again (jSJ) and related properties are valid for tau and sigma functions 
without any change. As a corollary we obtain the expression of the prime form [HI 
[TUl ITTj in terms of a certain derivative of the sigma function and consequently closed 
addition formulae for sigma functions. Here "closed" means "without using prime form" . 
The simplest example of the addition formula in the case of an (n, s) curve X : y n — 
\jX l y ] = 0, is 

(dm (T(pi)) 2 (a M1 cx(p 2 )r 

where pi G X is identified with its Abel-Jacobi image, %i = x(pi) and A is the partition 
corresponding to the gap sequence at oo of X. It generalizes the famous addition 
formula for Weierstrass' sigma function 

a(ui + u 2 )a(u 1 - u 2 ) . . , . 

since (xi,yi) = (p(ui) , p' (ui)) , i = 1,2, are two points on y 2 = 4a; 3 — g 2 x — g 3 and 
the right hand side can be written as x 2 — X\. The formulae in [13] for hyperellitic 
sigma functions are recovered if we use "a^ ''-derivatives" instead of wi-derivative (see 
the remark after Corollary [TOi) . 

The present paper is organized as follows. In section two properties of derivatives 
of Schur functions are studied. The notion of gap sequence and the sequence are 
introduced. We lift the properties of Schur function in section two to functions satisfying 
similar expansion to the tau functions of the KP-hierarchy in section 3. In section 4 
the properties on derivatives of the sigma function are proved using the sigma function 
expression of the tau function. The expression of the prime form in terms of a derivative 
of the sigma function of an (n, s) curve is given in section 5. Addition formulae for sigma 
functions are proved. 



2 Schur function 

A sequence of non-negative integers A = (Ai, A;) satisfying Ai > ■ • • > A/ is called a 
partition. The number of non-zero elements in A is called the length of A and is denoted 
by /(A). We identify A with partitions which are obtained from A by adding arbitrary 
number of 0's, i.e. (Ai, A;, 0, 0). We set |A| = Ai + • • • + Aj. 
Let t = (ti, t 2 , £ 3 , ...) and p n (t) the polynomial in t defined by 

oo oo 

exp(Y^t n k n ) = Y,Pn(t)k n . (8) 

71=1 n=0 

We set p n {t) = for n < 0. 
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For a partition A = (Ai, A/) Schur functions s\(t) and S\(x) are defined by 

s x (t) = det(pAi-i+j(*))i<ij<i> 

The function S\(x) is a symmetric polynomial of xi,...,xi which is homogeneous of degree 
|A|. 

We introduce the symbol [x] by 

which is an analogue of Abel-Jacobi map in the theory of Schur functions. With this 
symbol, S\(t) and S\(x) are related by 

n 

«a(J>]) = S x (x), 
1=1 

for n > /(A). From this relation we have 

Proposition 1 Lei A = (Ai, A;) be a partition of length I. Then 

ft) SX ( E N ) = s (Ai,...,A;_i) ( £ )^ + 0(^ + 1 ) . 



i=l i=l 



(ii)Ifk<l, sa(EN) =0 - 



i=l 



Proof, (i) It immediately follows from the definition of S\(:r). 
(ii) We have 

fc k 

^a(EN)=^a(EN + [o] + --- + [o]). 

i=l i=l 

The right hand side is zero by (i) since A; > 1. ■ 

Let G c be a subset of the set of no n- negative integers Z> . We assume that G c is a 
semi-group, that is, it is closed under addition and contains 0. Set G = Z> \G C . 

Definition 1 Let g be a positive integer. G is called a gap sequence of genus g, if 
$G = g. Elements of G and G c are called gaps and non-gaps respectively. 

For a gap sequence of genus g enumerate elements of G and G c respectively as 

wi < w 2 < ■ ■ ■ < Wg, 

= w\ < w* 2 < wl < ■ ■ ■ . 
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Then w\ = 1. For, otherwise G c contains 1 and G c = Z>o which is impossible due 
to g > 1. With this notation in mind we sometimes use (wi, ...,w g ) to denote a gap 
sequence instead of {w%, ...,w g }. 

Example 1 Let (n, s) be a pair of relatively prime integers such that n, s > 2. We set 

G c = {in + js \i,j > 0}. 

Then G is a gap sequence of genus g = 1/2 (n — 1) (s — 1) 0. We call G the gap sequence 
of type (n, s). It is characterized by the condition that G c is generated by two elements. 

Example 2 Let G = {1, 2, 3, 7} and G c = Z> \G. Then G is a gap sequence of genus 
four. In this case G c is generated by 4, 5, 6. Therefore G is not of type (n, s) for any 
(n,s). 

In this way the gap sequences are classified by the minimum number of generators 
of G c . 

For a gap sequence {w\, ...,w g } we associate a partition A by 

A = (w g , ...,wi) - (g - 1, 1,0). 

A special property of the partition determined from a gap sequence is the following. 

Proposition 2 If X is determined from a gap sequence (wi, ...,w g ), then s\(t) does not 
depend on ti, i {wi, ...,w g }. 

In order to prove the proposition we introduce some notation. 
For a partition A = (Ai, A;) we associate a strictly decreasing sequence of numbers 
Wi by 

( Wl ,..., Wl ) = (Ai,...,A,) + (/-l,/-2,...,0). 

By this correspondence the set of partitions of length at most / bijectively corresponds 
to the set of strictly decreasing sequence non-negative integers wi > ... > wi > 0. 
For (wi, ...,wi) we set 

(w h = Oi, ...,wi). 

The introduction of the notation Wi is for the sake of simplicity in proofs and that of 
Wi is for the sake of being consistent with the notation of gap sequence. 

For integers ii, ii define the symbol [ii, ii] as the determinant of the I x / matrix 
whose j-th row is 

(■■;Pi 3 -l(t),Pi 3 (t)) . 

We write ...,ii](t) if it is necessary to write explicitly the dependence on t. 

By the definition, [ii, ...,ii] is skew symmetric in the numbers i±, ...,ii and becomes 
zero if two numbers coincide or some number is negative. 
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With this notation 

s x (t) = [w x , ...,Wi). 

Differentiating ([8]) by tj we have 

d 

diPn(t) = Pn-i(t), di = — 

Oti 



Therefore we have 



i 

diS X (t) = y~][wi, Wj - i, Wi). 

3=1 

Proof of Proposition 

We have to show, for % > 1, 

i 

d w *s x {t) = y^-Pj = 0, Dj- = [wj,...,iUj-itf*,...,u;i]. (10) 
j'=i 

If tfj — u>* < 0, obviously = 0. Suppose that Wj — w* > 0. Let G = {wi, ...,w g }. 
Then Wj — w* G G. For, if Wj — w* G G c then Wj G G c + w* C G c which is absurd. 
Thus Wj — u>* = lOfc for some k. Notice that w* > 1 and k ^ j, since i > 1. Therefore 
.Dj = because two rows coincide. Consequently (flOl) is proved. ■ 

Definition 2 Lei G be a gap sequence of genus g. For < k < g — 1 we define a 
positive integer m k and a sequence of integers a\ k \ 1 < i < m k by 

m k = ${i \w* <g - k}, 

{aP,...,a^l) = (w ff _ fc ,w 5 _ fc _i, ...,w g - k - mk+1 ) - (wl, ...,<J. 



Example 3 For the gap sequence of type (2, 2g + 1) we have 

(w 1 ,w 2 ,...,w g ) = (1,3, ...,2g- 1), (tuj, tw^itfg,...) = (0,2,4,...). 

Then 

\g — k + 1 

m fc = (}{i | 2« - 2 < # - k\ = - , 

(aP, a 2 fe) , ...) = (2g -2k-l,2g-2k- 5, 2g - 2k - 9, ...). 
This sequence recovers the rule for derivatives in 



For a partition A = (Ai, A^) and a number k such that < k < I — 1 we set 

iV A ,fc = A fc+ i + ■ ■ • + Xi. (11) 
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Lemma 1 (%) a\ > ■ ■ ■ > a mk > 1. 

(ii) Each a[ k ^ belongs to G. 

(Hi) Let A be the partition determined from G then 

i=i 

Proof, (i) Notice that (w g -k,w g -}~-i, ■■■) is strictly decreasing and ...) is increas- 

ing. Therefore {a\ } is strictly decreasing. Since G and G c are complement to each 
other we have 

{0, 1, ---,9 — k— 1} = K,-,<}U{wi,..,w 9 _^ m J. (12) 
Then, by the definition of the number mk, 

w\ < ■ ■ ■ < w* mk < g - k < w* mk+1 <■■■ , 

Wi < ■•■ < Wg- k -m k < 9 - k < Wg- k -m k +l < ■ ■ < Wg-k < ■ ■ ■ (13) 

In particular a^l = w g - k -m k +i - w* mk > 1- 

(ii) Suppose that a!p £ G c . Since G c is a semi-group we have 

(k) * ^ c 

w g -k-j+i = ay + wj e G , 

which is absurd. Thus G G. 

(iii) By (TTJ) we have 

i=l i=g—k—m k +l i=l 

g-k /g-k-1 g-k-m k \ 

H Wi - [ Yl 1 - Wi I 

i=g—k—m k +l \ i=l i=l / 

g-k g-k-1 g 

= J2 w >- H i= Yl A - 

i=l i=l i=k+l 

I 

For a = («i, «2, •••) with finite number of non-zero components we define the weight 
of a and the symbol d a by 

oo 

wt a = J2ia i: d a = d° 1 d% 2 --- . 

i=i 

The weight of d a is defined to be the weight of a. 
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Proposition 3 Let A = (Ai, A/) be a partition and < k < I — 1. Ifwta < N\,k we 
have 



i=i 

For = £/ie rig/ii /iand szrfe should be understood as d a s\(0). 

Proof. Notice that d a s\(t) is a linear combination of determinants of the form 

[w 1 -r 1 ,...,wi-ri], n H hn = wta. (14) 

If ( 1141) is not zero, Wi — ri are all non-negative and different. Thus there exists a 
permutation of (1, ...,/) such that 

w h - r h > ■ ■ ■ > w k - r h > 0. 

Let \x be the partition corresponding to this strictly decreasing sequence. Then 

s M (t) = [w h -r h ,...,w il -r i( ]. 

If Z(/i) > fc, s M ( Y^h=i \ x i\ ) = by (ii) of Proposition [TJ 

We prove that < k is impossible if wta < iV A)fc . Suppose that < fc. Then 
/i = (/ii,...,/ifc,0,...,0) and 

^j; — r H = 0, ^j;.! — = 1, Wi fc+1 — Tj fc+1 = I — k — 1. 

Therefore 

r «i = r ii-i = — 1> •••) r *fc+i = ™ik+i ~ ~~ ^ — 1)) 

and we have 

^ + • • • + r Wi = «><, + ••• + -(l + 2 + -- - + Z- /c-l) 
> tZ)j + ••• + «) fc+ i -(1 + 2 + ••• + /- A; -1). 

On the other hand 

r i; H h r ik+1 < ri H h r x = wt a 

< Afc + i + ■ • ■ + A; 

= u) fc+ i + ••• + «)! -(1 + 2 + + A; -1), 
which is a contradiction. Thus Proposition [3] is proved. ■ 
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Theorem 1 Let A = (Ai,...,A ff ) be the partition determined from a gap sequence of 
genus g, < k < g and the associated sequence of numbers for k ^ g.We set 
s (Ai,...,A fc ) ( Hi=i \ x i] ) = 1 for k = and d w ■ ■ ■ d w = 1 for k = g. 

1 m k 

(i) We have 



3 a^ ■ ■ ■ d a%\ ^ ( J2 N ) = C * S (Ai,-,A») ( J2 N ) ' 
i=l i=l 

where Ck = ±1, k ^ g is given by the sign of the permutation 

_ _ sm ( W *l - ^-fc— fc 

and c g = 1 . 

Let = (/ii, 6e a partition such that fa = Aj for k + 1 < % < g. Then 

k k 

9 «<*> ■ ■ ■ d a^ S »( Yl N ) = C fc S (Ml,-,W)(Zl N )> 
t=l t=l 

where Ck is the same as in (i). 



Remark 1 For the gap sequence of type (n, s) it can be checked that the derivative 
determined from the sequence a~- is the same as that found in [9]. In that case (i) of 
Theorem [T] is proved in that paper. 

Lemma 2 Let A = (Ax, Xi) be a partition, < k < I — 1 and r 1? ...,r; non-negative 
integers. Suppose that the following conditions: 

i 

k 

[wx - n, wi - n) ( fo] ) ^ o. (16) 

8=1 

T/ien 

(%) VFe /iai>e = /or 1 < i < k. 

(ii) The sequence {wk+i — ffc+i, ity — r{) is a permutation of (I — k — 1, 1, 0). 
(Hi) We have 

k k 

[wi - - n] (22 [x t ] ) = cs (Ali ... A) ( Y M ) > 

t=i i=i 

where c = ±1. 
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Proof. By the assumption (fIBI) there exists a permutation of (1, ...,/) and a 

partition // = ...,/i/) such that 

% - r 4l > • • • > - r k > 0, 
= [wh -r h ,--- ,w k -r k ], 

and /(/i) < A; as in the proof of Proposition [3j In particular fii = for i > k + 1 which 
means 

w i; -r i; =0, w ifc+1 - r ik+1 = l- k- l. 

By a similar calculation to that in the proof of Proposition [3] we have 

r ik+1 + ■ ■ ■ + r k = w ik+1 + • • • + w k - (1 + 2 + • • • + I - k - 1) 

> ^ifc+iH + wi -(1 + 2 + hi- k -1), (17) 

and 

H H »"», < r i H \~ r i 

= + • • • + A; 

= iD fc+1 + ... + tZ>,-(1 + 2 + -.. + Z -*-!), (18) 



where we use ffl5|) . Therefore every inequalities in ( TTTj) and (JT8J) are equalities. Then 
= • • • = r ik = by ([TBI and (ifc+i, i/) is a permutation of (k + 1, Z) by ( |T71) . It, 

then, implies that (ii, ...,ik) is a permutation of (1, k). 
Since 

(w h - r h , w H - r k ) = (w h , w lk , w lk+1 - r ik+1 , w k - r i; ) 
and it is strictly decreasing, (ii, £&) = (1, fc). Thus 

[% -r ix , -ri,] = [wi, w k ,l - k - 1, 1, 0]. (19) 

Lemma 3 For a positive integer m and a set of integers ii, ...,ik we have 

[ii, ...,ik,m - 1,...,1,0] = [zi -m,...,i k -m\. 



Proof. Expand the determinant at m + Zc-th row, m + k — 1-th row,..., until k + 1-st row 
successively and get the result. ■ 

Applying the lemma to (fl9l) we have 

[w h - r h , ...,w k - r h ] = [wi - (Z - k), ...,w k - (Z - k)] 

= S(\ lr ..,\ k ){t). 

Since (ii, is a permutation of (1, ...,/), 

-ri,...,twi-ri] = ±s (Alj ... jAfc) (£). 
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Proof of Theorem [IJ 

In this proof we fix k and denote simply by aj. Recall that 

S\(t) = [lUg, ...,Wl]. 

We compute the value of d ai ■ ■ • d am s\(t) at t = := [xi] + ■ ■ ■ + [x k ]. 

Step 1. We first consider the term for which the row labeled by w g _k-{i-i) is differenti- 
ated by d a . for 1 < i < m k . It is of the form 

A := [Wg, .., Wg-fi + X, Wg_ k ~ G^, „ fc _ ( mfc _ ! ) ~ CL^ , Wg_ k -m k , ••, ^l]- 

By the definition of 

Wg- k -{i-l) ~ di = W*. 

Therefore 

A = [w g , ..,w g - k+1 ,wl, ...,w* mk ,w g „ k _ mk , ...,wi]. 

Using ( I12p we have 

A = c k [w g , ..,w g _ k+1 ,g - k - 1, 1,0] 
= c k s {Xl ,...,x k )(t). 

Step 2. We prove that the terms differentiated in a different way from that in Step 1 
are zero at t = 

By Lemma [T] (iii) and Lemma [2] (i) the term is zero at if some row corresponding 
to Wi, g — k + I < i < g, is differentiated. Therefore, for non-zero terms, only the last 
g — k rows are differentiated. 

So let us consider a term for which only some of last g — k rows are differentiated. 
Notice that a term is zero if some row is differentiated more than once. In fact some 
row corresponding to Wj with g — k — m k + l<j<g — kis not differentiated in this 
case. By (1131) Wj > g — k. Consequently it is impossible for the sequence (w g - k , ...,wi) 
to be a permutation of (g — k — 1, 1, 0). Then this term is zero at by Lemma [2] 
(ii). 

As a consequence of the above argument we know that a term is zero if some row 
labeled by Wj with g — k — m k + l<j<g — kis not differentiated. So let us consider 
a term for which each row corresponding to Wj with g — k — m k + I < j < g — k 
is differentiated exactly once. We assume that the row corresponding w g - k -(i-i) is 
differentiated by d ai for 1 < % < j with some j < m k and d a . differentiates the row 
corresponding to u' 9 _/ c _(j/_i) for some j 1 with j < j'. We have 

w g - k - a x = w{, w 9 _ fc _ (j _ 2 ) - cjj-i = w*_ X) 
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and 

w g-k-(j'-l) - a j = Wg-k-(j'-l) - (Wg-k-(j-l) ~ W*) 

= Wj - (Wg-k-y-q ~ Wg-k-tf-q) < Wj. (20) 

If Wg-k-(i'-i) ~ a j belongs to G c , we have 

W 9-k-(j'-l) - a j £ {*»*, ■-,W*_ 1 }, 

by (I20p . Thus the term is zero since two rows coincide. 
Suppose that w g -k-(f-i) — % belongs to G. Then 

w g _ fe _ (j /_i) - aj e {wi, ...,w g _ k _ mk }, 

since w* < g — k and (fT3|) . In this case the term in consideration is zero since again two 
rows coincide. Thus (i) of Theorem [1] is proved. 

Step 3. We prove (ii) of Theorem [TJ Let w' g > ■ ■ ■ > w[ be the strictly decreasing 
sequence corresponding to \i, that is, 

{w'g, ...,w[) = (/ii, ...,fi g ) + (g-l, 1,0). 
By assumption Wi = w\ for 1 < i < g — k. Define w'*, i > by 

{< \i > o} = z>o\K>, 

= w[ <w 2 < ■■ ■ . 

Then w* = w'* for 1 < i < rrik, since 

{w* 1 ,...,w* mk }U{w' 1 ,...,w' g _ k _ mk } = {w* 1 ,...,w* mk }U{w 1 ,...,w g _ k _ mk } 

= {0,l,...,g-k-l}. 

As a consequence the arguments in step 1 and step 2 are valid without any change if 
Wi, w* are replaced by w[, w'* respectively. | 

Next we study properties of Schur functions with respect to t\ derivative. 

Theorem 2 Let A = (Ai, A;) be a partition, (wi, ...,W\) the corresponding strictly 
decreasing sequence and < k < I. Then 

k k 

d^ X k S\ ( N ) = £ 4,A*(Ai,...,A fc ) ( W ) ' 
i=l i=l 

where 

n i= i i<j 
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Proof. We have 

s x {t) = [wi, ...,Wi]. 

By Leibniz's rule 

d^ k s x (t)= Yl -^- 1 [w l -r l ,...,w 1 -r 1 }. (21) 
l — ' n! • • -n! 

riH — \-n=N x ,k 

By Lemma [21 if [wi — ri, ...,W\ — ri](t^ k ') 7^ then = for / — + 1 < i < /, 
(tyj-jfe, t«i — ri) is a permutation of (Z — /c — 1, 1, 0) and 

[wi - r h ...,Wi - ri](t l ') = sgn I ^ _ ^ _ ^ ... 1 q 

In this case we can write 

Wi — a{i — 1), 1 < z < / — /c, 

for some a of an element of the symmetric group Si-u acting on {0, 1, I — k — 1}. We 
define 1/n! = for n < for the sake of convenience. Then 



where 



^• fc SA (t( fc )) = A A , fcS(Al ,..., Afc) (tW), 



( Wl -a(0))!---(^_ fc -a(/-A;-l))!- 



We have 



.4 



Nx, k \ : det l(^-(i-i))!; 1 < iJ <« (22) 

= n^T det [U^- m )) > (23) 

i=l * \m=0 / i<i,j<l-k 



i-2 



where we set J^J (wi — to) — 1 for j = 1. Notice that the rule 1/n! = for n < is taken 

m=0 

into account in rewriting f[2"2"j) to since, if u>j — (j — 1) < then nl^o( u; * — m ) = 0. 
Let us set 

d = det ( n ( w * ~ m ) 

\m=0 / l<i,j<l-k 
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J-2 

Expanding J^J (wj — m) in u>j we easily have 

m=0 

D = det (wr 1 )^^ = J]K - 0> 

i<j 

and consequently 

■ 

In order to study addition formulae of sigma functions we need to study properties 
of Schur functions at t = [xi] — [a^]- 

For a partition A = (Ai, A;) let A' = (A' 1; X' v ) be the conjugate of A, i.e. A- = 

:{./ A ; >/), 

Theorem 3 Let A = (Ai,...,Aj) be a partition of length I, X' = (X[, X'y) and X' = 
(A; - 1,...,A;, - 1). Then 

V V V 

8 X ([X] ~ j>]) = (-1)^>^£N) H(X - Xj). 
i=l i=l j=l 



Proof. This theorem is essentially proved in the proof of Theorem 5.5 in [2]. In [2] A is 
assumed to be the partition corresponding to the gap sequence of type (n,s). In that 
case A = A' and the assertion in this theorem is not stated. Here we give a proof since 
it is a key theorem for applications to addition formulae. For the notational simplicity 
we prove the assertion by interchanging A and A'. All facts and notation concerning 
Schur and symmetric functions used in this proof can be found in [5] 
Let = ej(xi, ...,x m ) be the elementary symmetric function: 

m m 

Y[( t + Xl ) = Y^e i t m -\ (24) 

i=l i=0 

They satisfy the relation 

^iO^l) ■■•> •^m) ; •^m— l) •I'm^-i ■•■) ^m— l)- (25) 

In general, for a partition /i = (/ii, ...,fi m ), the following equation holds: 

5^/(^1, ...,x m ) = det(e jUi _ i+i )i< i)j < TO . (26) 
Let a.j be the column vector defined by 

a i = *( e Ai-i+j, e A2 -2+j, eA^j+j), 
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where e r = e r (x, x\, xi). 
By (J25J), d2SD we have 



SA'(M + fri]H \-[xi\) = Sy(x,Xi,...,Xi) 

= det(eA i -i+j)i<ij<« 

= det (ai + xa , a 2 + xa 1; a/_i + xa ; ) 
l 

= ^2 x3 det (a , aj_i, a i+ i, a z ) 
i=o 

= det ( 1 ~ X 1 . (27) 

V a o ai • • • an J 

Let p r = Y^i=i x i be the power sum symmetric function, u>, Q and i the automor- 
phisms of the ring of symmetric polynomials in xi, x\ defined by 

U(p r ) = (-l)>r, t(Pr) = -Pr, U = LOU. (28) 

Notice that cD is, in terms of Xj, the map sending Xj to — Xj for 1 < j < I. Then 

S A'(N-^N) = (-l)l A la;(^([-a;]+^N)). (29) 
i=i i=i 

It can be checked by computing the right hand side using ( 12 8 p and the relation 5 (U (— x\, 
(-l^S^.^xJ. 

Let hi = hi(xi, ...,xi) be the complete symmetric function: 

1 x 

--^hix\ 



nLi(i-to 



i=0 



Then wfe/) = h~ and 



By (|27D and (JH we have 



^( a j) = ^Ai-i+j, •-, h Xl -i +j ). (30) 



SA '(N-N N) = (-l)' A 'det( , * " * ,?\ ). (31) 



Using the relation, 



we have 



a;(ao) w(ai) • • • Lu(ai) 



k 

^(-1)%/^ = 0, fc>l, (32) 
i=o 



= ° (33) 

3=0 
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By UM, (EOJ), dSP, (ESD we obtain 

^v(W-^N) = (-l) /+|A| det(a;(a ),...,a;(a / _ 1 ))n( :r -^) 

i=l j=l 

I 

= (-1)^,1 det(/i Ai -i-i + i) 1 <ij<i JJ^ - 

Then the theorem follows from 

*S'(/ii,...,^ m )( a 'i) •••> = det(/i /li _j+ :) ')i<jj'< m . 



Corollary 1 Lei A = (Ai, ...,Aj) fre a partition of length I. Then S\([xi] — [x 2 ]) is not 
identically zero if and only if \ = 1 /or 2 < i < I, that is, X is a hook. 

Proof. Setting Xi = for 2 < i < I' in Theorem [3] we have 

SA ([x] - N) = (-l^^dm])^'- 1 ^ - xO. (34) 

Thus s A ([:r] — [xi]) 7^ is equivalent to s A /([£i]) ^ 0. The latter is equivalent to the 
condition that the length of A' is one. It means that A' = (A' l5 1 1 '^ 1 ) which is equivalent 
to that A is a hook. | 

Theorem 4 Let A = (Ai, A;) be a partition of length I, (wi, ...,Wi) the corresponding 
sequence and N' X1 = ^2 i=2 A, — I + 1. 



(i) Ifn<N' K1 

(ii) We have 

where 



d?s x ([ Xl ]-[x 2 ]) = 0. 



d 1 A:1 sa([^i] - [x 2 ]) = c A s (Al)1 i-i ) ([xi] - [x 2 ]), 



l-l 



n£!(^-i)!, , 



(Hi) Let fi = [fix, ...,fii') be a partition of length I' > I such that \ii = A, for 2 < i < I 
and ^ = 1 for i > I. Then 

N' 

di ' s„([xi] - [x 2 ]) = c A s ((Ui)1 ^_ 1} ([xi] - [x 2 ]). 
(iv) For m, n > 1 we /lave 

a(m,i^)([xi] - N) = (-l) n_1 a;i l ~ 1 a;J~ 1 (xi - x 2 ). 
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Proof. Notice that 

i 

dis x (t) = y^Jwi, ...,Wi - 1, ...,wi\. 

i=l 

In the right hand side [wi,...,Wi — l,...,Wx] ^ if and only if all its components are 
different. In terms of the diagram of A, d\S\{t) is a sum of s^it) with /i being the 
diagram obtained from A by removing one box. For example 

d\S{2,2,\){t) = S(2,l,l)(*) + s (2,2)(t). 



(i) Notice that N' x l is a number of boxes on two to l-th rows of the diagram of A which 
are on the right of the first column. Thus if n < N' x l it is impossible to get the hook 
diagram by removing n boxes from A. Then the assertion of (i) follows from Corollary 

m 

(ii) There is only one hook diagram in diagrams obtained from A by removing N' x 1 

N' 

boxes. It is fi := (Ai, 1 ). Let us compute the coefficient c of s^t) in d l x ' 1 s\(t). 
Consider Equation fl2T]) with N Xt k being replaced by N' X1 . In the right hand side, 
appears only as a term such that r; = and (wi-i — r;_i, w\ — ri) is a permutation 
of (I — 1, 2, 1). Let us write, for 1 < i < I — 1, 

Wi-ri = o-(i), a e Si-.!. 

Then by a similar calculation to that in the proof of Theorem [2] we have 

c sgn a = U^jjwj ~ w i) 

TV' 

(iii) Similarly to the proof of (ii) the only Schur function appearing in d 1 A,1 s M (t) which 
does not vanish at t = [xi] — [x 2 ] is s u (t), v = {/jl 17 l l Let us compute the coefficient 

N' 

d of s v {t) md^s^t). 

Let {w' Vl w[) be the strictly decreasing sequence corresponding to \i. Then 

df K1 s,(t)= -^ L 1 H-r h ...,w' 1 -r 1 ]. (35) 

^— ' n! • • • ri'l 

n + -+r l ,=N' K1 

In the right hand side [w[, — r/, w' x — ri] is proportional to s u (t) if and only if = 
for i = I' or i < I' — I, and (u>j/_i — rj/_i, w' v _ lJrl — rj/_i + i) is a permutation of 
(/' -1,1' - 2, ...,/'-/ + 1). Let us write 

w[ — ri = cr(i), I' — I + 1 < i < I' — 1, o"G Si-i. 
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Then 



Ntf. {w[,_ l+1 - a{V - I + 1))! • • • K_ x - a{V - 1))! 

Let us rewrite d in terms of Xj. By assumption /ij = Aj for 2 < i < I which implies 
w't = /iz'+l-i + i — l = \v+i-i — I' — I + 1 < i < I' — 1. 
Substitute it into (136]) and get 

AT' ' 

llj=2l A * ^ 1 1 2<i<j<l 

which equals to c\. 

(iv) Set A = (m, l n_1 ) in (134"1) . Then, using S( r )([x]) = x r , we get the assertion of (iv). | 

3 r-function 

In this section we lift the properties of Schur functions which have been proved in the 
previous section to r-functions. 

Let < be the partial order on the set of partitions defined as follows. For two 
partitions A = (Ai, A/), fi = (/ii, A < \i if and only if A, < fa for all i. 

For a partition A = (Ai, A/) we consider a function r(i) given as a series of the 
form 

T(t) = s x (t) + Y,&,*(t)> ( 37 ) 

where („GC. 

Example. Let X be a compact Riemann surface of genus g > 1, a point of X, 
lUx < • • • < w g the gap sequence at p^ and z a local coordinate at p^. Embed the affine 
ring of Xyjpoo} into Sato's universal Grassmann manifold (UGM) as in the paper [12] . 
Then the tau function corresponding to this point of UGM has the expansion of the 
form (13] 



Proposition 4 Let A = (Ai, ...,Xi) a partition, r(t) be a function of the form ( Wfy and 
< k < I - 1. Then, if wt a < N x , k 



^(EN)=o. 



i=l 
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Proof. For \i = (/ii, /i//) satisfying A < /x we have 

i v 
wta < ^ Ai < 2J A*»- 

i=fc+l i=Jfc+l 

Thus 

^(En) = °. 

by Proposition [3J The assertion of the proposition follows from (1371) . 1 

For a function r(t) of the form fl3~T|) and 1 < k < Z let r^(t) be the function defined 

by 

= ^(A 1 ,...,A fc )(t) + XX s (mx,..,m*)(^ 

A 1 

where the sum in the right hand side is over all partitions /x = (/Xi, /X;) such that 
A < /x and /ij = Aj for k + 1 < i < I. In particular (X/i=i[ a; i]) = r (SLi[ ;E i])- We se ^ 
r(°)(t) = 1. 

Theorem 5 Lei A = (Ai,...,A 9 ) be the partition determined from a gap sequence of 



genus g, r(t) a function of the form (37) 
(i) We have, for < k < g, 

k 



i=l i=l 



where Ck is the same as in Theorem^ 
(ii) We have, for k > 1, 

- {k) ( E N ) = r< k -v ( £ N )xt + o(x^). 



i=l i=l 



Proof. Let /x = (/xi, .., /x;) be a partition of length Z such that A < /x. Then / > g and 

i=l i=fe+l i=fe+l 

If the inequality in the right hand side is not an equality, 

k 



^'••■^fflENl^ - ( 39 ) 



i=i 
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by Proposition |3j Therefore, if the left hand side of (139|) does not vanish, I = g and 

9 9 

E & = E x i- 

i=k+l i=k+l 

Since A, < fii for any i, it implies /ij = Aj for k + 1 < i < g. For such fi we have, by 
Theorem (TJ 

k k 
9 a^ ■ ' ' 9 a%> E M ) = C * S 0«1,-,M)( E N )" 

1=1 j=l 

The assertion (i) follows from this. 

(ii) The assertion easily follows from (i) of Proposition [1] and the definition of r^ k '(t). i 
Combining (i) and (ii) of Theorem [5] we have 



Corollary 2 Under the same assumption as in Theorem^ we have, for 1 < k < g, 

^ ■ ■ ■ E N ) = ^~ 9 ^ ■ ■ ■ 9 a^A E M )^ + °^ k+1 )- 

Corresponding Theorem [2] we have 
Theorem 6 Let A = (Ai, A;) be a partition of length I, r(t) a function of the form 



< k < I. Then 

k 



i=l i=l 



^(EN)^i/'(EN) ; 



where c' x k is the same as in Theorem \ 



Proof. The theorem can be proved in a similar manner to Theorem [5] using Theorem [2j 



Corollary 3 Under the same assumption as in Theorem^ we have, for 1 < k < I, 

k , k-l 

C 



i=l C A,fc-l 



In order to state the properties for r(t) corresponding to Theorem H] let us introduce 
one more function T2{t) associated with r(t) by 

72(f) = + E^W" 1 )^ ( 40 ) 

where the sum in the right hand side is over all partitions fi = (//i, //;/) of length 
V > I satisfying A < /i, ^ = Aj for 2 < i < I and /ij = 1 for i > /. 
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Theorem 7 Let A = (Ai,...,Aj) be a partition of length I and r(t) a function of the 
form p7p . 

(i) Ifn<N' Xjl 

d?T([ Xl ] - [x 2 ]) = 0. 

(ii) We have 

df^T^] - [X 2 ]) = CMIXI] - N), 

where c\ is the same as in Theorem^ 
(Hi) We have 

r 2 ([zi] - [x 2 ]) = {-l) Xl - 1 x^- 1 x l 2 - l (x 1 - x 2 ){\ + • • • ), 

where ■ ■■ part is a series in x\, x 2 containing only terms proportional to x\x 3 2 with 
i + j>0. 

(iv) We have the expansion 

r 2 ([xi] - [x 2 ]) = (-ly-V^N)^ 1 + 0(4). 

Proof, (i) By (i) of Theorem @] we have 9™sa([xi] — [x 2 ]) = 0. 

Suppose that A < \i and \i = (fit, is of length I'. Then, /' > I and 

l IV V 

n < Ai - (I ~ 1) < X) A** + E (A** - !) - ( Z - !) = I> " C ~ 

i=2 i=2 i=Z+l i=2 

Thus — [a; 2 ]) = by Theorem 0] (i) and the assertion (i) is proved, 

(ii) By (ii) of Theorem H] we have 

TV' v — -v N' 

d 1 A -MN - M = c A s (Al>1 i-i)([xi] - [x 2 ]) + }2ZA A %(N - M- (4i) 

Let us compute the second term in the right hand side of (HI]) . 

TV' 

Suppose that \x > A, /i = (/ii, is of length /' and <9 X A,1 s A1 ([xi] — [x 2 ]) ^ 0. In 

such a case, similarly to the proof of Theorem H] (ii), it can be shown that [i should be 
of the form \i = (/i 1; A 2 , A/, l l Then 

N' 

di %([^i] - [x 2 ]) = CAS (m)l! '-i } ([xi] - [x 2 ]), 

by (iii) of Theorem HI Thus the right hand side of (HT!) becomes c a t 2 ([xi] — [x 2 ]). 
(hi) This is a direct consequence of Theorem [4] (iv). 
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(iv) Substituting t = [xi] — [x 2 ] in r 2 (t) we have, by (iv) of Theorem [U 

r a ([xi] - [x 2 ]) = (-l)'- 1 ^- 1 ^- 1 ^! - x 2 ) + J] " *a) 

= (-r^ + ^^j^ + OM), (42) 

where the sum in /x in the right hand side is over all partitions fi of the form /x = 
(/xi, A 2 , A;) with Hi > Ai. Then the term in the bracket in the right hand side of (j42|) 
is r^djri]). Thus (iv) is proved. 1 

4 cr-function 

In this section we deduce properties of sigma functions from those of tau functions 
established in the previous section. To this end we briefly recall the definitions and 
properties of sigma functions. 

Let (n, s) be a pair of relatively prime integers satisfying 2 < n < s and X the 
compact Riemann surface corresponding to the algebraic curve defined by 

f(x,y) = 0, f(x,y) = y n -x s - ^ \, r r' (/■' . (43) 

ni+sj<ns 

We assume that the affine curve ( 143]) is nonsingular. Then the genus of X is g = 
l/2(n — l)(s — 1). The Riemann surface X is called an (n,s) curve [2]. It has a point 
00 over the point x = 00. 

For a meromorphic function F on X we denote by ordoo F the order of a pole at 00. 
The variables x and y can be considered as meromorphic functions on X which satisfy 

ordoo x = n, ordoo?/ = s. 

Let tpi, % > 1, be monomials of x and ?/ satisfying the conditions 

{<Pi\i>l} = {x i y i \i>0,n>j>0}, 

ordoo (fi < ordoo <^i+i, « > 1. (44) 

For example <p\ — 1, y? 2 = x. 

The gap sequence u>i < ■ ■ • < w g at 00 of X is defined by 

{wi} = Z> \{ordoo <Pi\i> 1}. 

It becomes a gap sequence of type (n, s) defined in of Example 1 in section 2. 
A basis of holomorphic one forms on X is given by 

du Wi :=-^p^, l< l <g. (45) 
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Let z be the local coordinate at oo such that 

* = ^, y = ^(l + 0(z)). (46) 

Then we have 

du Wi = z^- 1 (1 + 0{z)) dz. (47) 
We fix an algebraic fundamental form a}(pi,p 2 ) on X [11] and decompose it as 



w(pi,p 2 ) = d P2 n(p 1 ,p 2 ) +^2du Wi (p 1 )dr i (p 2 ), 

i=i 

where 

En— 1 , i r f{z,w) -I I 

oo oo 
m=—oo m=0 

Then dti automatically becomes a differential of the second kind whose only singularity 
is oo and {du Wi ,dri} is a symplectic basis of H l (X, C) [TT] . 

We take a symplectic basis of the homology group Hi (X, Z) and define period ma- 
trices Ui, r/i, i = 1, 2 by 

2a>i = ( / 2a;2 = ( / efat,^,. 



-2r tl = ( dn), -2% = (/ drO- 

./ay J/3, 

The normalized period matrix r is given by r = u;f 1 ^2- 

Let r*5' + 5', 5" G 1R 9 be the Riemann's constant with respect to the choice 
({a*, /3»}, oo), 5 = t (S', 5") and r) the Riemann's theta function with the charac- 

teristic 5. The sigma function for these data is defined in [T| (see also [TT]). 

Definition 3 The sigma function o~{u), u = t (u Wl , u w ) o/ an (n, s) curve X is 
defined by 

a{u) = Cexp n^urjtLUi x uJ 6'[5]((2a; 1 ) _1 M, r), 

where C is a certain constant. 

Let A = (Ai, A g ) be the partition corresponding to the gap sequence at oo of X. 
Then the constant C is specified by the condition that the expansion of c(u) at the 
origin is of the form 

a{u) = s x (t)\ tw .=u Wi +■■■ , 
24 



where • • • part is a series in u Wi only containing terms proportional to Yl u % with 
^aiWi > |A|. 

For rrii G Z 9 , i = 1, 2, the sigma function obeys the following transformation rule: 

2 

<t(-u + 2 Wjmj) 

2=1 

= ( _ 1) * mim2+2(( 5' mi - 5 " m2 ) exp 1 2 ^*( 77 . m .)( u + ^ a; . m .) ) (48) 



i=l i=l 



Let A be the affine ring of AT\{oo}. As a vector space \}p%\i > 1} is a basis of A. 
We embed A into UGM using the local coordinate z as in [12]. Then the tau function 
r(£) of the KP-hierarchy corresponding to this point of UGM has the form 

It can be expressed in terms of the sigma function as 

(49) 



r(t) = exp (- QU + lq{t)j a(Bt), 



where q(t) = Y QijUtj, B = (bij)i<i<g,i<j a certain gxoo matrix satisfying the condition 

6y=( 9 V <Wi (50) 

and Ci,qij,bij are certain constants [12] [4] [5]. The constant q are irrelevant to Ck in 
Theorem [TJ and is not used in other parts of this paper. 

In this section di is used for d/dti as in the previous section and d Ui is used for 
d/dui. 

rp 

A point p E X is identified with its Abel-Jacobi image / du, where du = t (du Wl , du Wg ). 

J oo 

By the definition of the matrix B, for pGl, the following equation is valid: 

B[z(p)} = p, (51) 

where z{p) is the value of the local coordinate z at p and [z{p)\ = [z(p), z(p) 2 /2, ...] as 
before. 

Corresponding to Proposition H] we have 
Theorem 8 Let < k < g — 1. // £]f=i < -^A,fc ^em 

i=l 

/orpi, ...,p k e X. 



1 In the defining equation of Cj in [T^] should be corrected to Ci/i 
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Remark 2 In the case of the curve y n = f(x) Theorem [8] is proved in [9]. 
Lemma 4 Let < k < g — 1 . If wta < N\ ;k 

d a a(Bt)\ t=m =0, 
where t (fc) = X^=iN> z i = z (p-i) and Pi, —,Pk e X. 

Proof. The assertion easily follows from fj4*9l) and Proposition HI | 
Proof of Theorem [3 

We introduce the lexicographical order on Z> comparing from the right. Namely 
define (ai, a g ) < (Pi, P g ) if there exists 1 < i < g such that a g = P g ,...,a i+ i = P i+ i 
and ^ < Pi. 

We prove 

dt x ■ ■ ■ dt aiBt^) = 0, fr Wl < N x , k , (52) 

i=l 

by induction on the order of ...,P g ). 

The case (Pi,---,P g ) = (0,...,0) is obvious by Lemma HI 

Take (Pi,...,P g ) > (0, ...,0) such that YH=ifii w i < ^Yx,fc- Suppose that (152]) is valid 
for any (p[, ..., p' g ) satisfying (p[, p' g ) < (pi,...,p g ) and ELiA'™* < #a,*- 
Notice that o~(Bt) is a composition of o~(u) with 

= + bijtj, 1 < % < g. (53) 

By the chain rule, 

d Wi = d Uwi + biwA Wl ■ (54) 

l<i 

Let j be the maximum number such that Pj ^ 0. Then 
d^---d^a(Bt) 
= d?l(d Uw2 +bi W2 d Ul f*---(d Uw , +Y^h Wj d u J ^( Bt ) 

= £$d* a ...d*a{Bt) + ..., (55) 

where • • • part contains terms of the form 

a 

dl\---dll g a(Bt), $>^<iVA, fc) (ji,..., lg )<(Pi,...,P g ). 
i=i 

At t = t^ k ' the left hand side of (1551) vanishes by Lemma H] and • • • part in the right 
hand side of (1551) vanishes by the assumption of induction. Thus (1521) is proved. | 
Corresponding to Theorem [5] and Corollary [2] we have 
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Corollary 4 Let 1 < k < g and pi, ...,Pk £ X. Then 
(i) We have 

k 



i=i 



where ■ ■ ■ part is a series in Zi containing only terms proportional to JX =1 

(zzj TTie following expansion is valid: 

k fc-i 

^ (,)••• ^ w *( E» ) = 7^ du c*-d ■ ■ ■ a « a ( E» K Afc + °^ Afc+1 )- 

a l a ™fc t=l fc " 1 a l i=l 

Proof. By Theorem [8] and (13*41) we have 

9 a w ■ ■ • 9 ftW a(Bt) \ t=t(k) =d u (k) ---d u {k) o-(^2pi). (56) 

R 1=1 

Let us write (J32J as o-(Bt) = e(t)r(t) with 

e(t) = exp ^E^** ~ ^*^J ' 

By Proposition H] and Corollary [2] we have 

5 (fc) • • • d 1 (fc) cx(-Bt) | t=t (fc) 
= e (t< fc >)0 (fc ,---0 w r(tW) 

= c&q* (f«)0 a M • • ■ S^r^- 1 ))^ + 0(^ +1 ) 

= Cfcicfca^-D • ■ ■ 5 (fc- 1} ^(St)!^-!)^ + 0(z x k k+1 ). (57) 

"i m fc-i 

Then the assertion (ii) follows from (1561) and the assertion (i) follows from the second 
line of (j57p , Theorem [3] (i) and the definition of r( fc> (£). | 

The following corollary can similarly be proved using Theorem [6] and Corollary [3j 

Corollary 5 Let 1 < k < g and pi, ...,Pk £ X. Then 
(i) We have 

fc 



a2 A 'V(E p< ) = C A,fc 5 (Ai,..,A fe )(2:i,.-,2fc) + 

1=1 
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where ■ ■ ■ part is a series in z% containing only terms proportional to Yl%=i Z T 

ElLi a i > Ef=i x i- 

(ii) The following expansion holds: 

a2 A MX» = ^^-v(f:^)^ + o(4 fc+1 ). 

4=1 C A,fc-l i=1 

Corresponding to Theorem [7] we have 
Theorem 9 (i) If n < N' X1 we have, for pi,p 2 G X, 

^(Pi-ft) = 0. 

(lij TTie following expansion with respect to Zi = z(pi), i = 1,2 is valid: 

ATI 

du^o-( Pl -p 2 ) = (-iy- 1 c x (z 1 z 2 y-\z 1 - z 2 )(l + •••), 

where ■ ■ ■ part is a series in z±, z 2 which contains only terms proportional to z\z 2 with 
i + j>0. 

(Hi) We have 

aZWcpx-pa) = (-iy- 1 ^d^a( Pl )4- 1 + o(4). 

c x,i 

Proof, (i) Notice that 

d^a(Bt) = d™a(Bt) (58) 

for any m. Differentiating a(Bt) = e(t)r(t) and using (158|) and (i) of Theorem [7] we 
have the assertion. 

(ii) We have, by (i), (ii), (iii) of Theorem [7J 

aff'Vfa-pa) = d^a(Bt)\ t=[ziMz2] 

= e ([*] - h])^'V([, 1 ] - fe]) 
= c x e([zi] - [Z2])r 2 ([zi] - [z 2 ]) 

= c x (-iy- 1 ( Zl z 2 y- 1 (z 1 -z 2 )(i + ---). 

(hi) In the computation in (ii) we have 

c x e([ Zl ] - N)r 2 (N - fe]) = (-l) 9 - 1 CA(c' Ail )- 1 e(k] - M^MI^K" 1 + 0(4) 
by Theorem [7J (i), (ii), (iv) and Theorem [61 Then the assertion follows from (|58|) . | 
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5 Addition formulae 

Let E(p 1 ,p 2 ) be the prime form [61 [10] of an (n, s) curve X. In [11] we have introduced 
the prime function E(pi,p 2 ) by 

2 / (\ ("P 2 fP' 2 \ 

E{pup 2 ) = -E(p 1 ,p 2 ) JJ y/duvMexp y t dm] 1 uJl 1 J duj . (59) 

Notice that E(pi,p 2 ) is not a (—1/2,-1/2) form but a multi-valued analytic function 
on X and thus it has a sense to talk about the transformation rule if Pi goes around a 
cycle of X. 

The prime function has the following properties. 

(i) E(p 2 ,p l ) = -E(p u p 2 ). 

(ii) As a function of pi, the zero divisor of E(pi,p 2 ) is p 2 + (g — l)oo. 

(iii) Let m, = t (mn, m i9 ) G Z 9 . If p 2 goes round the cycle 7 = ^ =1 (mijO!j + m 2iA), 
E(pi,p 2 ) transforms as 

E(PhlP2) = T(mi,m 2 | / du) E(pi,p 2 ), (60) 

with 

2 2 

T(mi,m 2 |u) = (-l) imim2+2 ( 5 ' mi - 5 " m2 )exp(2^*(^m,)(u + ^w i m i )). 

8=1 8=1 

(iv) At (00, 00), E(pi,p 2 ) has the expansion of the form 

s( Pl , P2 ) = {z 1 z 2 y-\ Zl - Z2 )(i + c n44), (si) 

i+j>l 

where Zi = z(pi). 

The specialization E(oo,p) of E(px,p 2 ) is defined by 

-E( Pl ,p 2 ) = E^p^zf 1 + O(^f). (62) 

It has the following properties corresponding to (iii) and (iv) above. 

(iii) ' Under the same notation as in (iii) for E(pi,p 2 ) we have 

fP 2 

E(oo,"fp 2 ) — T(rni,m 2 \ / du)E(oo,p 2 ). (63) 

J 00 

(iv) ' E(oo,p 2 ) = z 9 2 +0(z 9 2 +1 ). 

The following theorem gives the expression of the prime function in terms of a 
derivative of the sigma function. 
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Theorem 10 Let A = (Aj, X g ) be the partition corresponding to the gap sequence at 
oo of an (n, s) curve X . Then 

~ JV' 

%,ft) = (-irvc^-ft). 

Lemma 5 Under the same notation as in l[bD\) we have 

d Ul ' x (T{pi - 7^2) = T(mi, m 2 \ / du) <9 U1 'V(pi - p 2 ). 

J pi 

Proof. Notice that r yp 2 — P2 + 2oj\m\ + 2u 2 m 2 and 

2 

a(u — 2 Wjmj) = T(— mi, — m 2 |it)er(it). (64) 

8=1 

TV' 

Applying dux' to (164)) and setting u = p\ — p 2 , we get, by Theorem [9] (i) we have 

JV' f Pl N' 

dm 'V(pi - V% — 2 } ^jirii) = T(-mi, — m 2 | / du) <9 Ul A,1 cr(pi - p 2 ). (65) 

1=1 

Then the assertion follows from T(—mi, — m 2 \u) = T(mi, m 2 \ — u). 1 



Proof of Theorem [JJJ 
Notice that 



dZy<r(-u) = -du^aiu), (66) 



since a(-u) = (-l)^a(u) [llj and N' X I = |A| - 2# + 1. 
Consider the function 

JV' 

771/ x <V'V(pi -p 2 ) 

F{Pi,p 2 ) = ~- • (67) 

E{Pi,p 2 ) 

It is symmetric in p\ and p 2 by (1661) . (i) of properties of E(pi,p 2 ) and is a meromorphic 
function on A x A by Lemma [5j Fix pi near 00. As a function of p 2 F(pi,p 2 ) has no 
singularity by Theorem [8], Theorem [9] (ii) and the property (ii) of E(pi,p 2 ). Therefore 
it does not depend on p 2 . It means that, for some non-empty open neighborhood U of 
00, F(pi,p 2 ) does not depend on p 2 on U x X. Since F(pi,p 2 ) is symmetric, it is a 
constant on U x £/. Thus it is a constant on X x A because it is meromorphic. The 
constant can be determined by comparing the expansion using Theorem [9] (ii) and the 
property (iv) of E(p 1 ,p 2 ). , 



Corollary 6 For p e A we have 



E(oo,p) = c' XA ~ 1 d^ 1 o-(p). 
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Proof. Compare the expansion in the equation of Theorem [10] using (iii) of Theorem [9j 
I 

Remark 3 In the case of hyperelliptic curves the prime function can be given using the 
derivative determined from the sequence af . This is because p± — P2 can be written as 
a sum pi + P2 where *denoting the hyperelliptic involution. Such expression is given in 

m. 

The following theorem had been proved in |llj . 
Theorem 11 177] / For n > g and pi G X , 1 < i < n, 

By comparing the top term of the series expansion in z(p n ), using Theorem [2] and 
Corollary [5] beginning from n = g successively in the equation of this theorem we get 

Corollary 7 For n < g we have 

du, a{ ) = CA n det tote))^^ • 
i=i ll*^ J 

Combining Theorem [10] and Corollaries [6] and [7] we have the following addition 
formulae for sigma functions. 

Corollary 8 (i) For n > g and pi G X , 1 < i < n, 



^(E?= 1 pOni<yV , v(p i -p i ) 

' = b Kn det ((pifaV^Kn 



K=M^a{p % )Y 
with 

&A,n = (-l)^ n(n - 1) cI n(n_1) (c' Ail )-" 2 . 

For n < g 

a» A ^(S''. 1 p.)n, <J a","^fe-p.) ,, , w , „ 

n „ rf( ^, V(pi)) „ "V. det WftW , 

with 

Similarly, using Theorem [TTJ Theorem [1] and Corollary H] we have 
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Corollary 9 For n < g and pi G X , 1 < % < n, we have 

o ~ v nr=i E(oo,pi) n 

Corollary 10 For n < g and Pi G X , 1 < i < n, we have 

N' 

d u („)••• 9 U (n) o-(Er=i nt<j ^i A 'V( Pj - p^ 

with 

&A,„=(-l)^ n(n - 1) 4 n(n " 1) (C A , 1 )-" 2 C n . 
TV' 

In the case of hyperelliptic curves d Ul ' l &{Pj — Pi) can be replaced by a constant 
multiple of "oj -derivative" as remarked before (Remark after Corollary [6]). Then 
Corollaries |8| [TUI recovers the formulae in [13J. 
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